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AHHOTauuA. lNpegnaraetca paunoHanbHbIN METO4 pacnpegene-
HUS OONYCKOB MO pasmepam MPOBOMOKA U CrvparnbHbIX MPYXUH.
Takke paccmaTpuBaeTcsa pacnpefeneHue OOnyCcKoB MO LUMPUHE,
TOMLWMHE N ANUHE NNOCKUX NPYXUH. [NpuBoaaTCa npumepsl peLue-
HUIM aHaNOrM4HbIX 3a4a4 U HEKOTOPbIE BbIBOAbI.

Mpy>XuHbI, Kak NpocTeNlINe MeXaHW4Yeckue 3MEeMEHTbI, LUMPOKO
NCNOb3yloTCS.

Mpy>XuHbI BbINOSMHAT cnefyowme QyHKLMU: CMAMYalT yaapHble
Harpysku; 3almainT MalwWHbl U MexXaHu3Mbl OT BMOpauun; no-
CTEMNEeHHO MepefarT 3HEPrN paboyemy MexaHu3Mmy, COXpaHsis
ee; NU3MepsT ycunue yepes neluexoaoB; cO3[aloT MOCTOSIHHOE
cxkmMmatowlee ycunue. OCHOBHOE HasHayeHue MpyxuH — aedopmu-
poBaTbCA MUY M3rmbatbca nog Harpyskor M BO3BpallaTbCs B MC-
XOOHOEe COCTOSIHME MOCMe CHATUA Harpysku. [pyXuHbl C yrnom
BuUTKa MeHee 150 Ha3bIBalOTCA NNOTHO HAMOTaHHbLIMU MPYXUHAMW,
a MpyXuHbl ¢ yrnoM BuTka 150 HasbiBaloTCA cnabo HaMOTaHHbLIMU
npyxmHamu. lpyxuHbl 0ObIMHO paboTalT nog AeWcTBUEM Cu,
COBMaJamroLLmnX C HanpaBneHneM OCU MPYXWUHbI, U No4 AeNCTBUEM
KPYTALLMX MOMEHTOB. [MNOTHO HAMOTaHHbIE MPYXMHbI OOLIYHO pa-
OOTalOT nMpuM OCEBOM pacTskeHun, a cnabo HaMoTaHHble
NPY>XUHbI — MPU CXaTuu.

KnioueBble cnosa: cnupanbHbIX NPY>XWUH, MallHbl U MEXaHU3Mb,
NMOTHOW HAMOTKON, U3rno, BI/I6paLI,I/II/I, KMHeMaTn4deckaa cxema.
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Annotation. A rational method for distributing
tolerances on the size of wire and coil of
spiral springs is proposed. The distribution of
tolerances on the width, thickness, and length
of flat springs is also considered. Examples
of solutions to similar problems and some
conclusions are given.

Springs, as the simplest mechanical ele-
ments, are widely used.

Springs perform the following functions: sof-
ten shock loads; protect machines and
mechanisms from vibration; gradually transfer
energy to the working mechanism, preserving
it; measure force through pedestrians; create
a constant compressive force. The main
purpose of springs is to deform or bend under
load and return to their original shape when
the load is removed. Coil springs with a coil
angle of less than 150 are called tightly
wound springs, and springs with a coil angle
of 150 are called loosely wound springs. Coil
springs usually operate under forces that
coincide with the direction of the spring axis
and under the action of torques. Tightly
wound springs usually operate under axial
tension, while loosely wound springs operate
under compression.

Keywords: spiral springs, machines and
mechanisms, tight winding, bending, vibra-
tion, kinematic diagram.

It's super hard to make springs with exact dimensions, so we need to set tolerances for their sizes.

There's no mention in the literature of any scientific methods for setting tolerances, and this paper is an at-
tempt to fill that gap. A rational method for distributing tolerances in spiral and flat spiral springs is proposed
after their nominal dimensions have been determined by conventional methods.

Springs are usually designed to provide the required stiffness. In this case, the tolerances for the
spring parameters must be such that the deviation from the required stiffness value is zero or minimal. In
addition, the stresses created in the spring material are sensitive to their dimensions and, therefore, the tol-
erances must be distributed in such a way that the stresses do not exceed a specified limit, say 1% of the
required value. Bearing in mind that the tolerance values are distributed according to a random normal distri-
bution, the probability should be specified as a measure of the likelihood that the stress will not exceed the
specified value (see Example 6 for confirmation of this assumption).

Theory

The following sections provide expressions for various cases that should be used when assigning tol-
erance values. Tightly wound springs, being a special case of loosely wound springs, are not considered
separately.

1. Loosely wound springs under axial load. Consider the spring shown in Fig. 1, which is under the in-
fluence of its own load only, i.e., T = 0 The spring constant K'is determined by the formula [2]

K = . (1)
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4
where n is the number of turns; R is the radius of the turn; I, = % is the polar moment of inertia; d is the

4
wire diameter;1 = % is the moment of inertia; G is the modulus of rigidity; E is the modulus of elasticity; a is
the spiral angle.

Fig. 1. Kinematic diagram of a spring

Equation (1) can be written as follows:

K= YL (2)
1
where A = eo?a ersinZa — const.
2Ttn sec o T wE
Then
aK aK
AK = EAd+£AR. (3)

where AK, Ad, and AR are small changes in K, d, and R, respectively, and Ad and AR can be considered tol-
erances for d and R. Substituting equation (2) into equation (3), we can write

4Ad3 3Ad*
AK = - Ad — - AR. (4)
When AK = 0 we have
3d
Ad = EAR' (5)

Equation (5) defines the relationship between Ad and AR and another ratio necessary for their evalua-
tion can be obtained from stress analysis. Considering bending and torsion together, we obtain expressions
for the maximum bending stress o and the maximum shear stress t [2] in the form

16PR .
= — (1 +sina). (6)
16PR

- d3 . (7)

Equation (6) can be rewritten as an equality
[B—o] = 0. (8)

16PR .
B = — (1 +sina).

Bearing in mind that equation (8) will be violated when the tolerance values for R and d change, we
can write, defining the permissible deviation and probability:

[B— o] < 0,01 o (say, with a probability of 99,99%).

The above equality can be reduced to an equivalent deterministic form using the probability deter-
mined by programming methods [3].
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(B—1,010) — P [{Z—ﬁ AR}2 + {‘;—iAd}z]l/z. )

where p; is a normal random variable corresponding to a given probability, which can also be deter-
mined from statistical tables. Simplifying equation (9), we obtain

2
3
0,01 o 7td ] (10)

P; (1+sina)16P

@R? + 2 (ad)? = [

since, according to equation (8), (B—o0) = 0.

The presence of the factor 1 + sin a in the denominator of equation (10) confirms the validity of the state-
ment made immediately after deriving equation (7). AR and Ad are determined from equations (5) and (10).

Below is a numerical example illustrating the approach described above.

Example 1. It is necessary to distribute tolerances in a loosely wound spring with the following param-
eters:

d = 20mm,R = 100 mm,P = 1962 H,n = 20,0 = 143,2 H/mmz
a = 30°, probability = 99,99%
AR = 0,062 mm uAd = 0,0093 mm
Solution:
P; = 5 (from the tables for the given probability).

From equation (10) we obtain

AR? + 225Ad? = 0,0223 mm?
According to equation (5),

AR = 0,062 mm and Ad = 0,0093 mm .

Example 2. Find the tolerances for a tightly wound spring with the parameters from the previous ex-
ample.
Solution:

a=20
P = 5 (from the tables for the given probability).
From equation (10) we obtain
AR? + 225Ad? = 0,0223 mm?
According to equation (5),
AR = 0,093 mm and Ad = 0,01395 mm.

Changes in spring constant. Below we consider the change in spring constant K depending on various
tolerances for d and D. Note that using the spring constant C = D/d, we can write equation (4) as follows:
32A 48A
AK = FAd - FAR (48)

From equation (4a) it follows that for given values of C and spiral angle a the relationship between AK
and tolerances (Ad, AD ) is linear. To illustrate this, consider the following example.

Example 3. Determine the relationship between AK and tolerances (Ad and AD ) for a spring with a
constant K = 6 and a spiral angle a = 309, if the stiffness modulus and elastic modulus of the spring mate-
rial are equal t0 0,083 x 10° H/  ,and0,2x 10 H/ .

respectively.
Solution:
Using the expression for A given in equation (2), we find

A = 969,25.
Case 1: AD = 0.

185



BYNATOBCKME YTEHUA CBOPHUK CTATEN — 2026. Tom 4

When K changes, we obtain AK; = %AAd = 143,5 (Ad).

This relationship is shown by line 1 in Fig. 2.
Case 2: Ad = 0.
48A

When K changes, we obtain AK, = —+ AR = 35,89 (AR).
The change in AK, depending on the change in AR is shown by line 2 in Fig. 2.

16|

1,4 AK;
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Fig. 2. When changing K

Case 3: According to equation (4a), the combined effect of Ad and AR on AK can be expressed as fol-
lows:

AK = AK; — AK,. (4b)

The values of AK, and AK, for any values of Ad, AR, and AK can be determined from Fig. 2; the total
change in spring stiffness is determined by algebraic summation of these values.

Equation (4a) and the graph in Fig. 2 show that for practical values of C (C = 1,6) , the spring stiffness
is more sensitive to changes in d than to changes inR or D..

2. Loosely wound springs under the action of axial moments of forces. For the spring shown in Fig. 1,
at P = 0, the torsional stiffness is determined by the formula (2)

4
K =2 (11)
where A = 32;12“ cicosZa] — const.
2Ttn sec (x[T+T]
Further
As can be seen, equation (11) differs from equation (2) for the case of axial loading.
3 4
AK = 2LAd - 2T AR, (12)
R R
For
d
AK = 0,Ad = EAR9. (13)

Considering bending and torsion together, we obtain
16T

o= E(l + cosa). (14)
16T
= (15)

where T is the axial torque.
Repeating the derivation of equations (8) — (10), we can write
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1
(C-1,00) — P [{EAd} +{Z R} ] =0, (16)
16T
where C = ) (1 + cosa).
Simplifying equation (16), we obtain
Ad = 0,01omd* (17)

48Pj(1+cosa)’

Equations (17) and (13) directly determine the tolerances for the wire and coil dimensions.

Example 4. It is necessary to distribute tolerances in a loosely wound spring with the following param-
eters:

n=12d = 10MmM,R = 50mMM, T = 7848 H MM, a = 30°
E = 02 x 106 H/MMZ,G = 80,44 H/MMz,probability = 99,99%

Solution:
For probability 99,99% P, = 5.
From equation (17), we define

d = 0,0072 MM
From equation (13), we define
AR = 0,108 mm

Example 5. Distribute the tolerances for a loosely wound spring with the parameters from the previous
example.
Solution:
a = 0.
Then, from equation (17), we obtain
d = 0,00671 MM
Therefore,
AR = 0,1 Mmm

Change in probability. Equation (17) shows that when an axial torque acts on a spiral spring, the
stress caused by it does not depend on changes in the average diameter of the spring coils AR, but depends
on the diameter of the wire. It also follows that changes in the normalized random variable P are inversely
proportional to the tolerance Ad. As this tolerance increases, P decreases, i.e., the probability that the stress
will not change by more than 0.01 from the nominal value drops sharply. This statement is illustrated by the
following numerical example.

Example 6. Determine the probability that the specified voltage,c = 147,2 H/mm2

Will not change by more than 1% for a coil spring with parameters « = 30%°a = 30°,

d = 10 mm, with changes in wire diameter of 0,05 mm and 0,1 mm.

Solution:

For Ad = 0,05 mm, according to equation (17), we obtain B, = 1,005.

The probability corresponding to P; = 1,005, determined from statistical tables, is 0,8413 or 84,13%.
For Ad = 0,1 mm, according to equation (17), we obtain B, = 0,5002.The probability correspond-

ing to the given normalized random variable is 0,6915 or 69,15%.

Note that when the tolerance is increased from 0,05 to 0,1 mm, the probability that the specified volt-
age will not increase by more than 1% decreases from 84,13 to 69,15%, i.e., it changes by 15%.

Fig. 3 shows the overall change in P; as a function of Ad for a coil spring under axial torque. For a coil

spring under axial load, the following relationship applies, which can be obtained from equation (10):
1/2 212
i- el - et

P; Pz ' P Pj, 4
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where P, — is a normalized random variable when considering tolerances Ad and AR; simultaneously; P, is
a normalized random variable corresponding to the probability that

P

1.2 |
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Fig. 3. Total change in P; as a function of Ad for a spiral spring
under the action of axial torque

The stress o will not exceed the specified value if only AR is taken into account (i.e., for the case
Ad + 0), and the random variable P, corresponds to the case AR = 0.

3. Flat spiral spring. A flat spiral spring is shown schematically in Fig. 4. The angle of rotation ¢ is
determined by formula (1).

<
ad

[
>

Fig. 4. Kinematic diagram of a flat spiral spring

MyL
¢ =2, (18)

where M, is the torque, I is the moment of inertia of the cross-section, L is the length of the spring, and E is
the modulus of elasticity.
K = Mo _ El _ Ebt
@ L 12L°
where b is the width of the spring strip, and t is its thickness.

3bt?

E [t3 bt3
AK = E[fAb+TAt—FAL].

For AK = 0, we obtain

tAb + 3bt = %AL.

(19)
The maximum bending stress value is determined by the formula
_ 12M,
o =3 (20)

Repeating the derivation of equations (8) — (10), we can write
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[D—(1-¢)o] —P [(Z—EAb)Z + (—tAt)Z]l/z =0, 21)

12Mq

where £ characterizes the deviation o due to the presence of tolerances, and D = ——=.

From equation (21) it follows that

Ab)? At\? es bz |?
5) +(2%) = o uMO] : (22)
Since there are three unknowns b, t and L and two equations (19) — (20), it is possible to ensure an
acceptable tolerance for the smallest dimension, i.e., t, and determine the remaining tolerances.

Example 7. It is necessary to distribute tolerances in a strip coil spring with the following parameters:
b =20mm,t = 0,5mm,L = 6000mm, T = 7848 H-mm,oc = 588,6 H/mm2

M, = 3,066H/mm,14£ = 0,001, appropriate 0,1%.

Solution:
Let At = 0,001 mm. Then, according to equation (22), we obtain Ab = 0,111 mm. Finally, from equa-
tion (19), we determine AL = 7,68 mm.

Conclusions

1. A method for distributing tolerances is proposed for the first time.

2. Examples 1 and 2 show that in the case of axial loads, tolerances in loosely wound springs
should be more stringent than in tightly wound springs.

3. On the other hand, examples 4 and 5 show that in the case of loosely wound springs, the torsion-
al moments are larger.

4. Similarly, the tolerance for the spiral angle a can be considered by adding the term %, to the

right-hand side of equation (3), but this value can be specified so that the proposed method can be used to
determine the tolerances for d and R There is no need to take I, into account when distributing tolerances,
since it is already included as a component of the parameter d* in equation (2). Since the spring material is
considered homogeneous, E and G are considered constant.
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