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Аннотация. Предлагается рациональный метод распределе-
ния допусков по размерам проволоки и спиральных пружин. 
Также рассматривается распределение допусков по ширине, 
толщине и длине плоских пружин. Приводятся примеры реше-
ний аналогичных задач и некоторые выводы. 
Пружины, как простейшие механические элементы, широко 
используются.  
Пружины выполняют следующие функции: смягчают ударные 
нагрузки; защищают машины и механизмы от вибрации; по-
степенно передают энергию рабочему механизму, сохраняя 
ее; измеряют усилие через пешеходов; создают постоянное 
сжимающее усилие. Основное назначение пружин – деформи-
роваться или изгибаться под нагрузкой и возвращаться в ис-
ходное состояние после снятия нагрузки. Пружины с углом 
витка менее 150 называются плотно намотанными пружинами, 
а пружины с углом витка 150 называются слабо намотанными 
пружинами. Пружины обычно работают под действием сил, 
совпадающих с направлением оси пружины, и под действием 
крутящих моментов. Плотно намотанные пружины обычно ра-
ботают при осевом растяжении, а слабо намотанные                
пружины – при сжатии. 

Annotation. A rational method for distributing 
tolerances on the size of wire and coil of 
spiral springs is proposed. The distribution of 
tolerances on the width, thickness, and length 
of flat springs is also considered. Examples 
of solutions to similar problems and some 
conclusions are given. 
Springs, as the simplest mechanical ele-
ments, are widely used.  
Springs perform the following functions: sof-
ten shock loads; protect machines and 
mechanisms from vibration; gradually transfer 
energy to the working mechanism, preserving 
it; measure force through pedestrians; create 
a constant compressive force. The main 
purpose of springs is to deform or bend under 
load and return to their original shape when 
the load is removed. Coil springs with a coil 
angle of less than 150 are called tightly 
wound springs, and springs with a coil angle 
of 150 are called loosely wound springs. Coil 
springs usually operate under forces that 
coincide with the direction of the spring axis 
and under the action of torques. Tightly 
wound springs usually operate under axial 
tension, while loosely wound springs operate 
under compression. 

Ключевые слова: спиральных пружин, машины и механизмы, 
плотной намоткой, изгиб, вибрации, кинематическая схема. 

Keywords: spiral springs, machines and 
mechanisms, tight winding, bending, vibra-
tion, kinematic diagram. 

 
ntroduction 
It's super hard to make springs with exact dimensions, so we need to set tolerances for their sizes. 

There's no mention in the literature of any scientific methods for setting tolerances, and this paper is an at-
tempt to fill that gap. A rational method for distributing tolerances in spiral and flat spiral springs is proposed 
after their nominal dimensions have been determined by conventional methods. 

Springs are usually designed to provide the required stiffness. In this case, the tolerances for the 
spring parameters must be such that the deviation from the required stiffness value is zero or minimal. In 
addition, the stresses created in the spring material are sensitive to their dimensions and, therefore, the tol-
erances must be distributed in such a way that the stresses do not exceed a specified limit, say 1% of the 
required value. Bearing in mind that the tolerance values are distributed according to a random normal distri-
bution, the probability should be specified as a measure of the likelihood that the stress will not exceed the 
specified value (see Example 6 for confirmation of this assumption). 

 

Theory 
The following sections provide expressions for various cases that should be used when assigning tol-

erance values. Tightly wound springs, being a special case of loosely wound springs, are not considered 
separately. 

1. Loosely wound springs under axial load. Consider the spring shown in Fig. 1, which is under the in-
fluence of its own load only, i.e., Т =  0 The spring constant K is determined by the formula [2] 

 K =  �
��	
��
�� �������

��� ������
�� ��

, (1) 

I 
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where   is the number of turns; R is the radius of the turn; I"  =  	#$
%�  is the polar moment of inertia; d is the 

wire diameter; I =  	#$
&'  is the moment of inertia; G is the modulus of rigidity; E is the modulus of elasticity; α is 

the spiral angle. 
 

 
Fig. 1. Kinematic diagram of a spring 

 

Equation (1) can be written as follows: 
 

 K =  А#$
�� , (2) 

where  А =  �
�	
 
�� ���������

+� �,$�����
+� �

 =  const. 
Then 

 ∆K =  34
3# ∆d + 34

3� ∆R. (3) 

where ∆K, ∆d, and ∆ R are small changes in K, d, and R, respectively, and ∆d and ∆R can be considered tol-
erances for d and R. Substituting equation (2) into equation (3), we can write 

 ∆K =  'А#�
�� ∆d − %А#$

�$ ∆R. (4) 

When ∆K =  0 we have 

 ∆d =  %#
'� ∆R . (5) 

Equation (5) defines the relationship between ∆d and ∆R and another ratio necessary for their evalua-
tion can be obtained from stress analysis. Considering bending and torsion together, we obtain expressions 
for the maximum bending stress σ and the maximum shear stress τ [2] in the form  

 σ =  �&;�
	#� <1 + sin α@. (6) 

 τ =  �&;�
	#�  . (7) 

Equation (6) can be rewritten as an equality 

 AB − σC  =  0. (8) 

 B =  �&;�
	#� <1 + sin α@. 

Bearing in mind that equation (8) will be violated when the tolerance values for R and d change, we 
can write, defining the permissible deviation and probability: 

  AB − σC ≤ 0,01 σ (say, with a probability of 99,99%). 

The above equality can be reduced to an equivalent deterministic form using the probability deter-
mined by programming methods [3].  
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 <B − 1,01σ@ − PG �H3I
3� ∆RJ� + H3I

3# ∆dJ��
� �K

. (9) 

where LM is a normal random variable corresponding to a given probability, which can also be deter-

mined from statistical tables. Simplifying equation (9), we obtain 

 <∆R@� + N��
O� <∆d@�  =  � P,P� Q 	#�

;R<��
S
 �@�&;�
�
 (10) 

since, according to equation (8), <B − σ@  =  0. 
The presence of the factor 1 + sin α in the denominator of equation (10) confirms the validity of the state-

ment made immediately after deriving equation (7). ∆R and ∆d are determined from equations (5) and (10). 
Below is a numerical example illustrating the approach described above. 
 

Example 1. It is necessary to distribute tolerances in a loosely wound spring with the following param-
eters: 

d =  20 mm, R =  100 mm, P =  1962 Н, n =  20, σ =  143,2 Н mm�K  

α =  30P, probability =  99,99% 

 ∆b =  0,062 cc и ∆d =  0,0093 cc 

Solution: 

ef  =  5 (from the tables for the given probability).  

From equation (10) we obtain 

∆b� + 225∆d�  =  0,0223 mm� 

According to equation (5), 

 ∆R =  0,062 mm and ∆d =  0,0093 mm . 

 

Example 2. Find the tolerances for a tightly wound spring with the parameters from the previous ex-
ample. 

 Solution: 

α =  0 

PG  =  5 (from the tables for the given probability). 

From equation (10) we obtain 

∆R� + 225∆d�  =  0,0223 mm� 

According to equation (5), 

∆R =  0,093 mm and ∆d =  0,01395 mm. 

 

Changes in spring constant. Below we consider the change in spring constant K depending on various 
tolerances for d and D. Note that using the spring constant C = D/d, we can write equation (4) as follows: 

 ∆K =  %�h
i� ∆d − 'jh

i$ ∆R. (4а) 

From equation (4a) it follows that for given values of C and spiral angle α the relationship between ∆K 
and tolerances <∆d, ∆D @ is linear. To illustrate this, consider the following example.  

 
Example 3. Determine the relationship between ∆K and tolerances (∆d and ∆D ) for a spring with a 

constant K =  6 and a spiral angle α =  30P, if the stiffness modulus and elastic modulus of the spring mate-

rial are equal to 0,083 × 10&  Н mm�K  and 0,2 × 10&  Н mm�K . 

respectively. 
Solution: 
Using the expression for n given in equation (2), we find  

 A =  969,25. 

Case 1: ∆D =  0. 
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When p changes, we obtain ∆K�  =  %�h
i� ∆d =  143,5 <∆d@. 

This relationship is shown by line 1 in Fig. 2. 
Case 2: ∆d =  0. 

When p changes, we obtain ∆K�  =  'jh
i$ ∆R =  35,89 <∆R@. 

The change in ∆p� depending on the change in ∆b is shown by line 2 in Fig. 2. 
 

 
Fig. 2. When changing K  

  
Case 3: According to equation (4a), the combined effect of ∆d and ∆b on ∆p can be expressed as fol-

lows: 

 ∆K =  ∆K� − ∆K�. (4b) 

The values of ∆K� and ∆K� for any values of ∆d, ∆R, and ∆K can be determined from Fig. 2; the total 
change in spring stiffness is determined by algebraic summation of these values. 

Equation (4a) and the graph in Fig. 2 show that for practical values of C <C ≥ 1,6@ , the spring stiffness 
is more sensitive to changes in d than to changes in R or D.. 

2. Loosely wound springs under the action of axial moments of forces. For the spring shown in Fig. 1, 
at P = 0, the torsional stiffness is determined by the formula (2) 

  K =  А#$
�  . (11) 

where А =  �
�	
 
�� ���������

+� �,$�����
+� �

 =  const. 

Further 
As can be seen, equation (11) differs from equation (2) for the case of axial loading. 

 ∆K =  'А#�
� ∆d − А#$

�� ∆R . (12) 

For 

 ∆K =  0, ∆d =  #
'� ∆R9. (13) 

  
Considering bending and torsion together, we obtain 

 σ =  �&s
	#� <1 + cos α@. (14) 

 τ =  �&s
	#�, (15) 

where T is the axial torque.  
 Repeating the derivation of equations (8) – (10), we can write 
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 <C − 1,0σ@ − PG �H3i
3# ∆dJ� + H3i

3� ∆RJ��
� �K

 =  0, (16) 

where C =  �&s
	#� <1 + cosα@. 

Simplifying equation (16), we obtain 

 ∆d =  P,P�Q	#$
'j;R<���t
�@. (17) 

Equations (17) and (13) directly determine the tolerances for the wire and coil dimensions. 
 

Example 4. It is necessary to distribute tolerances in a loosely wound spring with the following param-
eters: 

n =  12, d =  10мм, R =  50мм, T =  7848 Н ∙ мм, α =  30P 

E =  0,2 × 10& Н мм�K , σ =  80,44 Н мм�K , probability =  99,99% 

Solution: 
For probability 99,99% PG  =  5.  

From equation (17), we define 

d =  0,0072 мм 

From equation (13), we define 

∆R =  0,108 мм 

 

Example 5. Distribute the tolerances for a loosely wound spring with the parameters from the previous 
example. 

Solution: 

α =  0. 

Then, from equation (17), we obtain 

d =  0,00671 мм 

Therefore, 

∆R =  0,1 мм 

Change in probability. Equation (17) shows that when an axial torque acts on a spiral spring, the 
stress caused by it does not depend on changes in the average diameter of the spring coils ∆b, but depends 
on the diameter of the wire. It also follows that changes in the normalized random variable P are inversely 
proportional to the tolerance ∆d. As this tolerance increases, P decreases, i.e., the probability that the stress 
will not change by more than 0.01 from the nominal value drops sharply. This statement is illustrated by the 
following numerical example. 

 

Example 6.  Determine the probability that the specified voltage, σ =  147,2 Н mm�K  

Will not change by more than 1% for a coil spring with parameters α =  30Pα =  30P, 
d =  10 mm, with changes in wire diameter of 0,05 mm and 0,1 mm. 
Solution: 

For ∆d =  0,05 mm, according to equation (17), we obtain PG  =  1,005. 

The probability corresponding to PG  =  1,005, determined from statistical tables, is 0,8413 or 84,13%. 

 For ∆d =  0,1 mm, according to equation (17), we obtain PG  =  0,5002.The probability correspond-

ing to the given normalized random variable is 0,6915 or 69,15%. 
Note that when the tolerance is increased from 0,05 to 0,1 mm, the probability that the specified volt-

age will not increase by more than 1% decreases from 84,13 to 69,15%, i.e., it changes by 15%. 
Fig. 3 shows the overall change in ef as a function of ∆d for a coil spring under axial torque. For a coil 

spring under axial load, the following relationship applies, which can be obtained from equation (10): 

�
;R

 =  � �
;R~

� + �
;R�

� �
� �K

 =  �
;R~

�1 + Ni�
' ��

, 



БУЛАТОВСКИЕ ЧТЕНИЯ СБОРНИК СТАТЕЙ – 2026. Том 4 
 

 

188 

 

where PG – is a normalized random variable when considering tolerances ∆d and ∆R; simultaneously; PG~ is          

a normalized random variable corresponding to the probability that 

 
Fig. 3. Total change in ef as a function of ∆d for a spiral spring  

under the action of axial torque 
 

The stress σ will not exceed the specified value if only ∆R is taken into account (i.e., for the case 
∆d + 0), and the random variable PG� corresponds to the case ∆R =  0. 

 

3. Flat spiral spring. A flat spiral spring is shown schematically in Fig. 4. The angle of rotation φ is 
determined by formula (1). 

 

 
Fig. 4. Kinematic diagram of a flat spiral spring 

 

 φ =  ���
��  , (18) 

where MP is the torque, I is the moment of inertia of the cross-section, L is the length of the spring, and E is 
the modulus of elasticity. 

 K =  ��
�  =  ��

�  =  ����
��� , 

where b is the width of the spring strip, and t is its thickness. 

 ∆K =  �
�� ���

� ∆b + %���
� ∆t − ���

�� ∆L�. 
For ∆K =  0, we obtain 

 t∆b + 3bt =  ��
� ∆L. (19) 

The maximum bending stress value is determined by the formula 

 σ =  ����
���  . (20) 

 Repeating the derivation of equations (8) – (10), we can write 
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 AD − <1 − ε@σC − PG ��3O
3� ∆b�� + �3O

3� ∆t���
� �K

 =  0, (21) 

where � characterizes the deviation σ due to the presence of tolerances, and D =  ����
��� .  

From equation (21) it follows that 

 �∆�
� �� + �2 ∆�

� ��  =  ��Q
;R

∙ ���
����

�
�
. (22) 

Since there are three unknowns b, t and L and two equations (19) – (20), it is possible to ensure an 
acceptable tolerance for the smallest dimension, i.e., t, and determine the remaining tolerances. 

 

Example 7. It is necessary to distribute tolerances in a strip coil spring with the following parameters: 

b =  20 mm, t =  0,5 mm, L =  6000 mm, T =  7848 Н ∙ mm, σ =  588,6 Н mm�K   
MP  =  3,066 Н mmK , и ε =  0,001, appropriate 0,1%. 

Solution: 
Let ∆t =  0,001 mm. Then, according to equation (22), we obtain ∆b =  0,111 mm. Finally, from equa-

tion (19), we determine ∆L =  7,68 mm. 
 
Conclusions 
1.   A method for distributing tolerances is proposed for the first time. 
2.   Examples 1 and 2 show that in the case of axial loads, tolerances in loosely wound springs 

should be more stringent than in tightly wound springs. 
3.   On the other hand, examples 4 and 5 show that in the case of loosely wound springs, the torsion-

al moments are larger. 

4.   Similarly, the tolerance for the spiral angle α can be considered by adding the term 
3�

3�∆�, to the 

right-hand side of equation (3), but this value can be specified so that the proposed method can be used to 
determine the tolerances for d and R There is no need to take I" into account when distributing tolerances, 

since it is already included as a component of the parameter d' in equation (2). Since the spring material is 
considered homogeneous, E and G are considered constant. 
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